On Hausdorff dimension of oscillatory motions of the Sitnikov
and the restricted planar circular three body problem

Part I: Conservative Newhouse Phenomena
PRELIMINARY VERSION

Anton Gorodetski

0.1. Introduction.

S. Newhouse [N] showed that near every dissipative surface diffeomorphism with a
homoclinic tangency there are open sets (nowadays called Newhouse domains) of maps
with persistence homoclinic tangencies. Moreover, in these open sets there are residual
subsets of maps with infinitely many attracting periodic orbits. Later C.Robinson [R]
noticed that this result can be formulated in terms of generic one parameter unfolding
of a homoclinic tangency.

P. Duarte [Dul], [Du2] showed that in area preserving case homoclinic tangencies
also lead to similar phenomena, the role of sinks is played by elliptic points.! Here we
prove a stronger one parameter version of the result: we can estimate the Hausdorff
dimension of the hyperbolic sets and homoclinic classes that appear in the construction.

We would like to mention the following related results. S.Newhouse [N4] proved
that in Diff' (M2, Leb) there is a residual subset of maps such that every homoclinic
class for each of those maps has Hausdorff dimension 2. Moreover, Arnaud, Bonatti
and Crovisier [BC], [ABC| improved that result and showed that in the space of C*
symplectic maps the residual subset consists of the transitive maps that have only one
homoclinic class (the whole manifold). Notice that this result can not be extended to
higher smoothness.

T.Downarowicz and S.Newhouse [DN] proved also that there is a residual subset R
of the space of C"-diffeomorphisms of a compact two dimensional manifold M such that
if f € R and f has a homoclinic tangency, then f has compact invariant topologically
transitive sets of Hausdorff dimension two.

Initially our interest in the conservative Newhouse phenomena was motivated by the
fact that it appears in the three body problem. Namely, let us try to understand the
structure of the set of oscillatory motions (a planet approaches infinity always returning
to a bounded domain) in the Sitnikov problem. It is a special case of the restricted
three body problem where the two primaries with equal masses are moving in an elliptic

From D.Turaev we learned recently that later P.Duarte also proved a one parameter version of
the result (unpublished)
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orbits of the two body problem, and the infinitesimal mass is moving on the straight
line orthogonal to the plane of motion of the primaries which passes through the center
of mass. The eccentricity of the orbits of primaries is a parameter. After some change of
coordinates (McGehee transformation) the infinity can be considered as a degenerate
saddle with smooth invariant manifolds that correspond to parabolic motions (the
orbit tends to infinity with zero limit velocity). Stable and unstable manifolds coincide
in the case of circular Sitnikov problem (parameter is equal to zero). Dankowicz
and Holmes [DH] showed that for non-zero eccentricity invariant manifolds have a
point of transverse intersection. This leads to the existence of homoclinic tangencies
and appearance of all the phenomenon that can be encountered in the conservative
homoclinic bifurcations, as described in the previous section. In particular, existence
of hyperbolic sets of large Hausdorff dimension implies that there is a sequence of open
intervals in the space of parameters that accumulates to zero, and residual subsets of
these intervals such that for corresponding parameters the set of oscillatory orbits in
the Sitnikov problem has full Hausdorff dimension. Similar statement holds for the
planar circular restricted three body problem. The existence of transversal homoclinic
points in the latter case was established in [LS], [X].

I would be extremely interesting to find out if Theorem 2 below can be strengthened
by replacing the statement about the full Hausdorff dimension by a similar statement
about positive Lebesgue measure of a homoclinic class. The question is related to
Kolmogorov’s Conjecture which claims that the set of oscillatory motions has zero
measure.

This text is intended to become the part of joint paper with V.Kaloshin.

0.2. Main results.

Theorem 1. Consider the family of area preserving Henon maps

() (o)

There is a (piecewise continuous) family of sets A, such that the following properties

hold.
1. The set A, is a locally mazimal hyperbolic set of the map H,;
2. The set A, contains a saddle fixed point of the map H,;

3. The set A, has an open and closed (in A,) subset Ka such that the first return
map for A, is a two-component Smale horseshoe, and Tpr(A,) — 00 as a — —1;

4. dimH/N\a — 2 asa— —1.



Remark 1. The proof will essentially use:

e the construction by Duarte [Dul], [Du2] who proved persistency of homoclinic
tangencies for conservative maps near the identity, and

e results regarding the splitting of separatrices for Henon family, [G1], [G2], [G3],
[GS] (see also [Chl] and [Ch2], where some numerical results are described).

Remark 2. A similar statement holds also for any generic one parameter unfolding
of an extremal periodic point (see [Dul] for a formal definition) as soon as the form of
the splitting of separatrices can be established (see [G1] for the relevant results in that
direction).

Definition 1. Let P be a hyperbolic saddle of a diffeomorphism f. A homoclinic class
H(P, f) is a closure of the union of all the transversal homoclinic points of P.

It is known that H(P, f) is a transitive invariant set of f, see [N1]. Moreover,
consider all basic sets (locally maximal transitive hyperbolic sets) that contain saddle
P. A homoclinic class H(P, f) is a smallest closed invariant set that contains all of
them.

Theorem 2. Let fy € Diff (M?, Leb) have an orbit O of quadratic homoclinic tan-
gencies associated to some hyperbolic fixed point Fy, and {f,} be a generic unfolding
of fo in Diff>(M?, Leb). Then there is an open set U C R, 0 € U, such that the
following holds:

(1) for every p € U the map f, has a basic set that contains the unique fized point
P, near Py and exhibits persistent homoclinic tangencies;

(2) there is a dense subset D C U such that for every pn € D there is some homoclinic
tangency of the fized point P,;

(3) there is a residual subset R CU such that for every p € R

3.1) the homoclinic class H(P s 1s accumulated by ’s (]6716’/2@ €llipti6
Wy J o
pomts,

(3.2) dimyH(P,, f,) = 2,
(3.3) dimpy{z € M| P, € w(z) Na(x)} =2.

0.3. Left-right thickness.

Here we reproduce the definition of the left and right thickness from [Du2] and [Mo].
We will use these one-sided thicknesses instead of the standard definition. See [PT] for
the usual definition of the thickness of a Cantor set.



Name dynamically defined Cantor set any pair (K, 1) such that K C Ris a Cantor set
and ¢ : K — K is a locally Lipschitz expanding map, topologically conjugated to some
subshift of a finite type of a Bernoulli shift o : {0,1,...,p}N — {0,1,...,p}". For the
sake of simplicity, and because this is enough for our purpose, we will restrict ourselves
to the case where v is conjugated to the full Bernoulli shift o : {0, 1} — {0, 1}". Also
we will assume that a Markov partition P = {Ky, K1} of (K,) is given. In our case
this means that the following properties are satisfied:

(1) P is a partition of K into disjoint union of two Cantor subsets, K = Ky U K,
KO N Kl = @,

(2) the restriction of ¥ to each K;, ¢|k, : K; — K, is a strictly monotonous Lipschitz
expanding homeomorphism.

For a general definition of Markov partition see [Mo], [PT].

Given a symbolic sequence (aq, .. .,a, 1) € {0,1}", denote
K(CL(), s 7an—1) = r\'?:_01 _i(Klli)7

then the map ¥" : K(ao,...,a,_1) — K is a Lipschitz expanding homeomorphism.

A bounded component of the complement R\ K is called a gap of K. For a dynam-
ically defined Cantor set (K1) the gaps are ordered in the following way. Denote by
A the convex hall of a subset A C R. Then the interval K \([/(\0 U [/(\1) is called a gap
of order zero. A connected component of

~

K\ Ugag,....an_)efo13 K(ao, ..., an—1)

that is not a gap of order less than or equal to n — 1 is called a gap of order n. It is
straightforward to check that every gap of K is a gap of some finite order, and also
that, given a gap U = (z,y) of order n, for every 0 < k < n the open interval bounded
by ¢*(z) and ¥*(y) is a gap of order n — k.

Definition 2. Given a gap U of K with order n, we denote by Ly, respectively Ry,

the unique interval of the form K(ao,...,a,—1), with (ag,...,a,—1) € {0,1}", that is
left, respectively right, adjacent to U. The greatest lower bounds

71 (K) :inf{% U is a gap ofK}

Tr(K) :inf{@:U is a gap OfK}

U]
are respectively called the left and right thickness of K. Similarly, the ratios
|LU0‘ |RU0|
T.(P) = and Tr(P) = ——,
L( ) |UO’ R( ) |U(]’
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where Uy 1is the unique gap of order zero, are called the left and the right thickness of
the Markov partition P.

Definition 3. Given a Lipschitz expanding map g : J — R, defined on some subset
J C R, we define distortion of g on J in the following way:

. — o Lo J 19W) — 9@l |2 — 2| ~
Duss ) = o 50—} € 0eel

where the sup is taken over all x,y,z € J such that z # x and y # x; due to injectivity
of g this implies that g(z) # g(x) and g(y) # g(x).

Reversing the roles of y and z we see that the distortion is always greater than or
equal to log1 = 0. If Dist(g, J) = ¢, then for all x,y,z € J with z # x and y # = we
have

el =2l _aly) —g()| _ cly—a|
lz—z| ~ g(z) —g(x)] = |z — 2]
Definition 4. The distortion of a dynamically defined Cantor set (K, ) is defined as
Dist,, (/) = sup Dist(¢", K(aq, . .., an-1))
taken over all sequences (ag, ... ,a,_1) € {0, 1}".

Lemma 1. (see [PT], [Du2]) Let (K,) be a dynamically defined Cantor set with a
Markov partition P and distortion Disty(K) = c. Then

e ‘r(P) < 1(K) < e“1(P), e “mr(P) < mr(K) < e“mr(P).

Lemma 2. (Left-right gap lemma, see [Mo], [Du2]) Let (K*, %), (K", ¥") be dynam-
tcally defined Cantor sets such that the intervals supporting K° and K" do intersect,
K? (resp. K") is not contained inside a gap of K* (resp. K®). If Tp,(K*)tp(K™) > 1
and Tr(K®)1,(K™) > 1, then both Cantor sets intersect, KN K" # ().

Definition 5. Define F to be the set of all maps f : SoUS; — R? such that:
(1) Sp and Sy are compact sets, diffeomorphic to rectangles, with non-empty interior;

(2) f is a map of class C?, in a neighborhood of Sq U S1, mapping this compact set
diffeomorphically onto its image f(So) U f(S1);

(8) the mazximal invariant set A(f) = Nuezf " (So U S1) is a hyperbolic basic set
conjugated to the Bernoulli shift o : {0,1}* — {0,1}%;

(4) P = {So,S1} is a Markov partition for f : A(f) — A(f), in particular, [ has
two fixed points, Py € Sg and Py € S, whose stable and unstable manifolds contain
the boundaries of Sg and Sy;

(5) both fized points Py and Py have positive eigenvalues.



The action of f and f~! respectively on the stable, and unstable, foliation of A,
F? = {connected comp. of W*(A)N (SoUS1)},
F* = {connected comp. of W*(A) N (f(Se) U f(S1))},
can be described in the following way. Define
II=W;.(Po)NSy and I!=Wy.(Py) NSy

I? and I are stable and unstable leaves of A respectively transversal to the foliation
F* and F?. Then the Cantor sets

K°=ANI} and K'=ANI;,

can be identified with the set of stable leaves of F?, respectively unstable leaves of F*.
Define the projections 75 : A — K*® and 7, : A — K" in the obvious way: 7s(P) is the
unique point in W _(P) N I}, and similarly =, (P) is the unique point in W} (P) N I7.
The maps ¢° : K* — K* and ¥" : K* — K",
wszﬂ-sof and wu:ﬂ'sofila
describe the action of f, respectively f~!, on stable, respectively unstable leaves of
A. The pairs (K*,1°) and (K", ¢") are dynamically defined Cantor sets, topologically
conjugated to the Bernoulli shift o : {0, 1} — {0,1}", with Markov partitions P* =
Given a map f € F we define the left-right thickness of A(f) to be

TLR<A> = min{TL(KS)TR(K”), TL(KU)TR(KS)}.
In order to estimate this thickness we define the left-right thickness of P as

TLR(P) = min{TL(PS)TR(P“), TL<Pu)TR(P8>}.

If the distortion on both dynamically defined Cantor sets (K*,¢*), (K* ") is small,
say less than or equal to ¢, then it follows from Lemma 1 that

e *1mr(P) < 1rr(A) < e*mpr(P).

0.4. Duarte Distortion Theorem.

Definition 6. Given positive constants C* along with small small € and ~, define
F(C*,e,7) to be the class of all maps f: SoUS, — R% f € F, such that:

(1) diam (SoU Sy) < 1,diam (f(So) U f(S1)) < 1;

(2) the derivative of f, Dfuy) = (CCL Z), where a,b,c and d are C'-functions,
satisfies all over Sy U Sy

(a) det Df = ad —be =1,



(b) |d] <1< |a|] <C*/e,
(c) 0], [e] < e(lal = 1);
(3) the C'-functions on f(Sp) U f(S1), @ = ao f7, b="bof ', é¢=cof ! and
5 1 _ d —-b .
d=do f!, ie. Df(xyly) = ( - >, satisfy

—C
(a) |22 = |52], |2 | 92], |52] = | 22| < ~y(jal — 1),
(o) | %] = 1221 | %] 1% |32 = 13¢] < ~(lal - .
(c) |%|,]2] < yjal(jal - 1),
(4) 2], |2| < ~lal(al - 1);

(4) the variation of log |a(z,y)| in each rectangle S; is less or equal to v(1 — a; ),
where a; = maxy ) a(x,y)l;

(5) finally, the gap sizes satisfy:
dist (S, S1) > % and  dist(£(So), f(S1)) >

= |m

Remark 3. For C* = 2 this definition coincides with Definition 4 in [Du2].

The nice feature of the maps from F(C*, e,) is that the stable and unstable folia-
tions have small uniformly bounded distortion, as the following theorem shows.

Theorem 3. For a given C* > 0 and all small enough € > 0 and v > 0, given
f € F(C*,e,7), the basic set A(f) gives dynamically defined Cantor sets (K", ") and
(K%, %) with small distortion, bounded by D(C*,e,~) = 4(C*+3)y+2e. In particular,

e_D(C*M) L(P?) < TL(K5(f)) < P57 (P?),
e P2 7p(P) < mr(K*(f)) < =N rp(P?),
e PN (PY) < 7 (KU(f)) < 7)TL(Pu)a
e PN Tp(PY) < TR(KU(f)) < P95 7p(PY).

Remark 4. Again, for C* = 2 this Theorem coincides with Theorem 2 in [Du2]. Notice
that conditions (2b) and (2¢) of definition 6 imply that |b|, |c| < C*, and for C* = 2
this gives an unreasonable restriction on the class of maps that could be considered.
We will need to apply Theorem 3 for a map which belongs to the class F(C*,e,v) with
larger value of C*, see Proposition 20.



Proof of Theorem 3. The straightforward repetition of the proof of Theorem 2 in
[Du2] with the necessary adjustments needed to take the constant C* into account
proves T heorem 3. The only place in the proof of Theorem 2 from [Du2] where the
condition |a| < 2 is used is the inequality (3) from Lemma 4.2. If we use the inequality
la| < & 1nstead 67 should be replaced by 2(C* + 2) there. Due to this change, in
Lemma 4.1 one should take 2(C* + 2)~y 1nstead of 8y as an upper bound of Lipschitz
seminorm Lip(c®) and Lip(c™) of functions o° and ¢" that describe stable and unstable
foliations. This leads to similar changes in the statement of Lemma 4.4 and in the
estimate of the distortion. Finally we get the above statement. Theorem 3 is proved.

0.5. The definition of the Hausdorff dimension.

Let us recall the definition of the Hausdorff dimension. Let K C R be a Cantor set
and U = {U, }ics a finite covering of K by open intervals in R. We define the diameter
diam(U) of U as the maximum of |U;|, i € I, where |U;| denotes the length of U;.
Define Ho(U) = .., |Us|*. Then the Hausdorff a-measure of K is

me(K) = lim ( inf Ha(Z/I)) :
e—0 \U covers K, diam(U)<e

It is not hard to see that there is a unique number, the Hausdorff dimension of K,
denoted by dimpy (K), such that for a < dimpy(K), m(K) = oo and for a > dimp (K),
ma(K) =0.

0.6. Large thickness implies large Hausdorff dimension.

Proposition 3. Consider a Cantor set K, denote 7, = 11,(K) and 7 = Tr(K), and
let d be the solution of the equation

il = (1 + 1 +7R)%
Then dimpy (K) > d.

Remark 5. One can consider Proposition 3 as a generalization of the Proposition
5 from Chapter 4.2 in [PT|, where the relation between the usual thickness and the
Hausdorff dimension of a Cantor set was established.

Proof of the Proposition 3. We will need the following elementary Lemma.
Lemma 4. For any d € (0,1) and 71,7 > 0
min{xd+yd |l2>0,y>0x+y<lz>7m(l—-z—y),y>1r(l—o—y }

() ()
=— +
1+7,+ 7R 1+TL+TR



The proof of Lemma 4 is left to the reader.

We show that Hy(U4) > (diam K)? for every finite open covering U of K, which
clearly implies the proposition. We can assume that U is a covering with disjoint
intervals. This is no restriction because whenever two elements of ¢/ have nonempty
intersection we can replace them by their union, getting in this way a new covering V
such that Hy(V) < Hy(U). Note that, since U is an open covering of K, it covers all
but finite number of gaps of K. Let U, a gap of K, have minimal order among the
gaps of K which are not covered by U. Let C* and CF be that bridges of K at the
boundary points of U.

By construction there are A", A® € U such that CF C A" and CF c AE. Take the
convex hall A of A¥ U A®. Then

[ A" 2 |CF] = 7 - |U] = 71(|A] - |A"| — |AT))

and

(A% > |CF] > 7 - U] > 7R(JA| — |A[ — |A).

L L R
A1 (1= )

Or, equivalently,

|A] Al 4]
and
A" ( |AL| rAR\)
— 2T - — |-
Al = Al |A]

Lemma 4 now implies that

JARNK R\ @ d d
m + m Z T—L + T—R :1’
| A |Al IL+71,+7r 147+ 7R

and |AL]? 4 |AR|? > | A|¢. This means that the covering U, of K obtained by replacing
AL and A% by A in U is such that Hy(U;) < Hy(U). Repeating the argument we
eventually construct Uy, a covering of the convex hall of K with Hy(Uy) < Hy(U).
Since we must have Hy(Uy) > (diam K)?, this ends the proof.

Proposition 3 can be used to find an explicit estimate of the Hausdorff dimension
via one-sided thicknesses. In particular, when one of the one-sided thicknesses is very
large and another one is small, the following Proposition gives an estimate that is good
enough for our purposes.

Proposition 5. Denote by 71, and g the left and right thicknesses of the Cantor set
K CR. Then

log (1 + 11’%) log <1 + 1JTFLTR)

1+7 ’ 1+7
log (1 ¥ —R) log (1 + —RL>

dimyg K > max
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Proof of Proposition 5. We will use the following Lemma.

Lemma 6. Assume that for some z,y > 0, x +y < 1, and some dy,dy € (0,1) the
following relations hold:

y = (1_95)% a4y = 1.
Then dg > dl.

Indeed, (1 — x)i =y=(1- xd2)% < (1- x)%, so due to our choice of x we have
dy > dj.

1
Let us apply Lemma 6 to x = -7l —and y = i —. Ify = (1—x)@ a2 +y®2 =1

for some dy,ds € (0,1) then by Proposition 3 we have

og(1— ) log(1- 2 )  log (1+ 732)
dimHK2d2>d1:Og( 575)_ ( T+7o+ >_ I+7p

log(1+ 1+1§L)

In a similar way one can show that dimy K > m Proposition 5 is proved.

Remark 6. Assume that Tr ~ 15, 7 ~ (A —1)”. Then

~ log (1 + o5 ) . log (1 + 1+(/\ 1) ) 1
lim = lim N = .
A=1H0 o0 (1 4 14;%> A—140 log (1 n (I-Tﬁ) 14+v

So if v is small enough and X\ is close to one, then dimy K s close to 1.

7L ~ log(A — 1) then

log (1+ 2 )
lim MLV 1,

A=140 og (1 + HTR)

; 1
Moreover, if Tp ~ 1,

TL

and therefore dimgK — 1 as A\ — 1.

0.7. Uniqueness of the area preserving quadratic family.

In [H], [F] it was established that up to the change of parameter and coordinates there
exists only one one-parameter area preserving quadratic family with some conditions
on the fixed points (Henon family). In particular, we can consider the family

(2) F.o:(v,y)— (x+y—2°+e y—a°+e)

instead of (1). In this form it is a partial case of a so called generalized standard family,
and it was considered in [G1].
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0.8. Rescaling and the family of maps close to identity.

Let us consider the following family of the affine coordinate changes:

U 5 5 0 U
(i) == (6) (0 ) (2):
where § = 7. Then

-1 w) u+ v 5 (2u — u?
iy OF‘54OT5(U)(v+5(2u—u2)>+5( 0 )’

Now we have a family of maps close to identity. For each of these maps the origin is a
saddle with eigenvalues

M =140+ 1202 =1+V26+0(8%) > 1,

Ao =A'=146 V61422 =1-v26+0() < 1.

Set h = log A;. By definition h = v/26 +O(62), and ¢ can be given by implicit function
of h. Define the following (rescaled and reparametrized) family

(3) Tn o (u,v) = (u,v) + 0(v, 2u — u?) + 62 (2u — u?,0).

0.9. Birkhoff normal form.

First of all let us recall that the real analytic area preserving diffeomorphism of a
two dimensional domain in a neighborhood of a saddle with eigenvalues (A, A™1) by an
analytic change of coordinate can be reduced to the Birkhoff normal form ([S], see also

[SM]):
(4) N(z,y) = (Alzy)z, A7 (zy)y),
where A(zy) = A+ ayzy + ao(zy)* + . .. is analytic.
We need a generalization of this Birkhoff normal form for one-parameter families.

Theorem 4. ([FS], Proposition 3.1; [Du2], Proposition 6.1) There exists a neighbor-
hood U of the origin such that for all h € (0, hy) there ezists a coordinate change Cj,
i U with the following properties:

1. If Ny = Cp3n Gyt then Np(u,v) = (Ap(wv)u, A, (uwv)v), where Ap(uv) = A(h) +
ai(h)uv + as(h)(uv)* + ... is analytic.

2. C3-norms of the coordinate changes Cy, are uniformly bounded with respect to the
parameter h.

3. Ap(s) > 1 is a smooth function of s and h.
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Remark 7. The second property is not formulated explicitly in [FS] but it easily follows
from Cauchy estimates. Indeed, it follows from the proof there that the map C}, is
analytic and radius of convergence of the corresponding series is uniformly bounded
from below.

Also we will need the following property of the parametric Birkhoff normal form for
the family §y,.

Lemma 7. For some constant C' > 0 and small enough hy > 0 and sy > 0 the following
holds. For all h € [0, hg) and s € [0, sp)

1. log Ay(s) > C~'h,
2. 1Ay (s)| < Ch,
3. |A}(s)] < Ch.

Remark 8. This Lemma is similar to Lemma 6.3 from [Du2], but in our case we
have one, not two parameter family, and therefore those two statements are essentially

different.

Proof of Lemma 7. Consider g(s,h) = log Ap(s). We have g(s,0) =0, g(0,h) = h,
and g is a smooth function of (s, h). This implies that for small enough sq > 0, hg > 0
and large C' > 0 we have g(s,h) > C~'h for all s € [0, so] and h € [0, hy].

From the explicit form of the family §, (3) we see that §, — Id as h — 0 in C"-norm
for every r € N. Since C®*-norms of C), and C; ! are uniformly bounded, this implies
that N, — Id in C?-norm as h — 0. In particular,

DNy(.y) = Ap(zy) :(A’?(Qxy)my 932A§L(:BAZ{)( )= (1 0)
= A - "o

as h — 0 uniformly in (x,y) € U. This implies that A} (s) — 0 as h — 0 uniformly in
s € [s1, 0] for every s; € (0,5s0). Also Ag(s) = 1 for every h € [0, hy), so Aj(s) = 0.
Since A} (s) is a continuous function, this implies that A} (s) — 0 as h — 0 uniformly in
s € [0, so]. Since A} (s) is a smooth function of (s, h), this implies that |A} (s)| < Ch if
C > 0 is large enough. Similarly one can show that |A}(s)| < Ch. Lemma 7 is proved.

0.10. Gelfreich normal form.

The family g, is closely related to the conservative vector field

T =y,
(5) {g)z?x—xz.
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Namely, due to Theorems A and A’ from [FS1] (see also Proposition 5.1 from [FS])
the separatrix phase curve of the vector field (5) (let us denote it by o) gives a good
approximation of some finite pieces of W#*(0,0) and W"(0,0). Denote by ¢ a segment
of separatrix o that contains some points P* € W .(0,0) N U and P* € W;_.(0,0)NU

(see Fig. 7) and by V a neighborhood of &. Denote by W;(o, 0) the finite piece of
W3 (0,0) between the points where 1W;7(0,0) leaves U for the first time and the first

point where W3(0,0) returns to U again. Define W#(0,0) in a similar way. Then
W¢(0,0) and W}(0,0) are always (for all h € (0, hg)) in V.

The restriction of the map § on the local separatrix W¢ (0) is conjugated with a
multiplication  — A§, & € (R,0). Let us call a parameter ¢t on W¢ (0) standard if it
is obtained by a substitution of e’ instead of ¢ into the conjugating function. Such a
parametrization is defined up to a substitution ¢ — t 4 const.

Denote I1,, 5, = {(t, E) € R? | | t| < ro,| E| < Eo}.
The following Lemma follows from Theorem 4 in [G3].

Lemma 8. There are neighborhood V' of the segment of o between points P* and P?*
and constants ro and Ey such that for some hg > 0 and all h € (0, hy) there ezists a
map Uy, : I, g, — R? with the following properties:

1. Uy (1L ) DV,

2. Uy, is real analytic;

3. Wy, is area preserving;

4. Wy, congugates the map §y with the shift (t, E) — (t+ h, E);

5. fogl(W;;) = {E = 0}, and t gives a standard parametrization of the unstable
manifold;

6. C3-norms of ¥y, and \If,jl are uniformly bounded with respect to h € (0, hg).

Remark 9. In [G3] uniform estimates of first derivatives only are included to the
statement, but the uniform boundedness of the second and third derivatives easily fol-
lows from the Cauchy type estimates since the radius of convergence of the power series
that represent Wy, is uniformly bounded from below. We are grateful to V.Gelfreich for
this remark.

0.11. Splitting of separatrices.

In [G1] for the initial family F. (2) the form of W} is described in some normalized
coordinates (see also Theorem 7.1 and Proposition 7.2 from [G2]).
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Denote Gg = {(t, F) € R? | |t| < 10h,| E| < h%}.
The formal statement is the following:

Theorem 5. ([G1], [G2]) There exists ho such that for all h € (0, hy) there exists a
map ®p, : Gr — R? such that

1. ®y, is real analytic;
2. @y, 15 area preserving;

3. @y, conjugates the map F.y with the shift (t,E) — (t 4+ h, E);

4. @;I(ij) = {F = 0}, and t gives a standard parametrization of the unstable
manifold;

5. the second projection of the inverse map E = proo ®~1 has the derivatives of the
first order bounded by const - h™' and the derivatives of the second order bounded by
const - h=19; the first derivatives of the first projection are bounded by const - h=2;

6. @;%W}f) is a graph of some real-analytic h-periodic function ©(t);
7. The function ©(t) has the following form:

2mt

- -1 _-2x2/h _; 272 /hy.

=20, ’

(6) O(t) = 2[0:[h e sin . + O(he )
: 2mt

(7) O(t) = 4n|0,| h2e 2™/ cos % + O/,

Here |©1] is a constant that does not depend on h.
Remark 10. |©,] # 0, see [GS] for the proof.

Remark 11. Also the following asymptotic formula holds for the second derivative of
the function ©(t) (|G]):

. , - 2
(8) O(t) = —87r2|@1| =3g—272/h sin% 1 O(h—le_z7r /h)'

Remark 12. In [G2] complez values of t and E were considered (which is an essential
part of the proof). Since we do not use complezified invariant manifolds, we state only
the “real” part of the claim here.

We would like to obtain formulas similar to (6) in the previous Theorem for the
stable manifold for the family §,. The following statement holds:
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Proposition 9. Stable manifold \I/,jl(W,f) can be represented as a graph of a real-
analytic h-periodic function ©*(t) such that

2 ot ,

(9) O*(t) = 8v/2| Oy h %e 2" /" sin _Z + O(h~Be2m hy.
: 2 27t 9

(10) Ch ( )_16\/_7T|@1|h e 2%/ og 227 ; —|—O(h 6,—27 /h);
a 2 2mt 2

(11) 6°(t) = ~32v2n%(@1 e/ sin S 4 O(h e/,

Remark 13. To simplify the notation define the function
(12) w(h) = 16v/2r| ©1| k" exp (=272 /h).

Notice that the angle between Wﬁ‘ and W;f at the homoclinic point in the normalized
coordinates is equal to p(h)(1 + O(h)). Formulas (9) can be now rewritten in the
following way:

2t

O (1) = o hi()sin 2T+ O(Wp(h)), 6 (1) = p(h) cos o + Ohy(h)),

O*(t) = —2rh ™ pu(h) sin % +O(u(h)).

The idea of proof of Proposition 9. The only difference with respect to the for-
mula (6) is due to the fact that transformation to the close-to-identity form is not
area-preserving, so the E coordinates gains a factor equal to the Jacobian of the trans-
formation if we want a symplectic system of coordinates. So the first step is to scale
E the original E in such a way that new (T,E) are symplectic coordinates for the
close-to-identity map.

Then the proof should follow the following lines. Assume you have (9) in some coor-
dinates (T,E) and want to show that the same formula holds in any other coordinates,
say (t,e) such that

1) (t,0) corresponds to the unstable manifold, which implies (7',0) — (t,e) = (T,0)
2) (T, E) — (t,e) is area-preserving
3) the change of coordinates commutes with the translation (7, E) — (¢t + h, E)

4) the derivatives of (z,y) — (t,e) do not grow too fast as h — 0 (e.g. uniformly
bounded)

1)-3) imply
(t,e) = (T + O(E), E + O(E?)),
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where both O are h-periodic in T. Of course, the constants in the O estimates depend
from h. Now take into account 4) — the coordinate change (T, E) — (t,e) comes as a
composition of two changes ((7,e) — the original (z,y) and back — (¢,¢)). Therefore
the constants do not grow faster than say hA~*

Now take the image of the graph given by (9). In its neighborhood the map (T, E) —
(t,e) is very close to identity as ' = 6 — exponentially small. Consequently, the form
of the graph is the same in the new coordinates (¢, e).

0.12. Construction of the domain for the first return map.

Let g be the closest to P* € o point of intersection of W# and W,f Consider a
finite sequence of images of ¢;' under the map §; that belong to the neighborhood
V, {q", F(qh), 3 (q"),...}. Let ¢ be the point of this sequence closest to the point
P* € 0. Define k(h) € N by 3" (g}) = ¢;. Take the vector v = (1,0) € T,uU and
consider the vector w = (wy,wy) = D(Cj, 0 ¥y 0 H¥ M o Ol o U)o € Ty: U. Without
loss of generality we can assume that w; > 0 (otherwise just take the homoclinic point
between ¢ and §(q}') instead of ¢}'). Scaling, if necessary, we can assume that in the
Birkhoff normalizing coordinates we have ¢} = (1,0), ¢; = (0,1).

Fix small v > 0. Recall that A\ = A,(0) = e". Set

(13) n = {_%} |

Due to this choice A™2" & u(h)h'*”. More precisely, A™2" € [u(h)R', N2 u(h)h ).

Remark 14. Notice that this choice of n for v = % is analogous to the formula (7) in

Du2]. i

Define the following lines:
(10 {I_)\m} 7'(7170) = {Qj:/\_ﬁ}7
7'(071) — {y — )\10}7 7(671) — {y — Aiﬁ}

Denote by S the square formed by W _(0), W.(0), N (. o)) and N{"(T&O)). The
bottom and left edges of S has the size

(14) I = A"

Notice that since DN, is close to the linear map (())\ )\91) , the curve N}Z(T(Jg 1))

(resp., N, ”(T(J{’O))) is C'-close to a horizontal (resp., vertical) line. Denote by R"

and R° the rectangles formed by W"(0), 7'(—’1—70), (10) and N (b To1) ), and by W#(0),
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7'(—8,1) (1) and N, 2 (r b T(10)); respectively. Notice that R* = Ny'(S) N{z = A1} and
RS = N;"(S)N{y> A1}

Denote by R* the intersection (see Fig. ?7):
R =HWoC o U (R NC o U, 1 (RY),
Now consider the rectangles
(15) So=SNN;(S) and S, = N;"oW,0C,oH (R
and define the first return map

Y N"oC’ho\IJhoH oC’ ON;LL(J],y), if (x,y) € Si.

0.13. Renormalization.

We are going to prove that the map T has a hyperbolic invariant set in S and to
investigate its properties (Hausdorff dimension, lateral thicknesses) with respect to the
parameter h. In order to get a family of maps in the square of a fixed size we rescale
the map 7. Namely, we consider a map p: S — [0,2] x [0,2], p(z,y) = (1" x, " y).

Denote p(Sy) = So, p(S1) = S, and define
(16) T:SUS; —1[0,2] x[0,2] by T=poTop!

One can obtain the following two Lemmas by a straightforward calculation using
Lemma 7 and the mean value theorem.

Lemma 10. For (z,y) € Sy we have

- Ap(Pay) + A (l%y)l%y A (Pry)Pa?
(17) DT‘gg (:Ij‘, y) e < _ A;L(ZQIZ)Z%JZ ( A’ l2xy l2:(:y =
T AR(Pay) W

y) —
-0 ) = (O Ofuiiie)
where \ = e

Notice that if (z,y) € R", (z,y) € S, or (z,y) € R® then |zy| < 4\72". If (z,y) € S,
then also 22 < 4A7%" and y? < 4\72",
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Lemma 11. For (z,y) € R* we have

A (zy) +nApH(zy) A (wy)ry  nAyH(zy) A (vy)a”
(18> DNf?(xv y) - _nA;L(a:y)gﬂ A—n(x ) . nA} (zy)zy | =
AZ"!‘I(IZ”) h y AZ+1(zy)

_ <A” 0 )+<0(\/u(h)h1+”|log(u(h)h””)l) 0((u(h)h””)§|log(u(h)h””)l))_
0 A7) N0 () [log(u(h)h)]) - O((u(h)h**) 2] log(pu(h)h'+)])

For (z,y) € S we have

(19) DNy(z,y) =

_ <A” 0 )+<0(\/u(h)hl+il10g(u(h)h””)|) 0(\/u(h)h”’;l10g(#(h)h1+”)|)>'
0 A7) NO((u(h)h'*)2 [ log(pu(h)h')[) - O((pu(h)h'*)2 [ log(pu(h)h'*)])

0.14. Cone condition.

The coordinate changes Cj, o W), and W' o C; ! have uniformly bounded C*-norms.
Assume that their C3-norms are bounded by some constant Cj.

Let us introduce the following cone fields in Sy U S;:

(20) K“(z,y) ={v = (v1,12) € T(w)gi | |v1] > O.OOlC’O_Gh_l_”\v2|}, and

(21) K*(z,y) = {0 = (v1,v2) € Tiay)Si | |va] > 0.001C; 5h " |v,]}.
Lemma 12. (Cone condition for Sy) Assume that h is small enough.

For every vector v € K“(x,y), (x,y) c 5*07 we have DT(Ly)(T)) e K”(T(x,y)), and if
DT(;4)(0) = W = (w1, ws) then |wi| > A%y

For every vector © € K*(x,y), (z,y) € T(S,), we have DT(;}y)(T)) e K3(T Y (z,y)),
and if DT(;ly)(T}) = = (wy,ws) then |wy| > A%9|vy].

Proof of Lemma 12. This follows directly from Lemma 10.
Lemma 13. (Cone condition for S;) Assume that h is small enough.

For every vector v € K*(z,y), (z,y) € S1, we have DT, ,)(v) € K*(T(x,y)), and if
DT,)(0) = @ = (w1, ws) then |wi] > 0.01C; A= |v1| and |w| < 25C3h='="|0|.

For every vector © € K*(x,y), (z,y) € T(S1), we have DT(;}y)(@) e K5(TY(z,y)),
and ifDT(;ly)(@) =0 = (wy,wy) then |wy| > 0.01C; *h='"|vy| and |w| < 25CHh~177|9)|.
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Before to begin the proof of Lemma 13 we will formulate and proof two extra lemmas
that give estimates of the angle between images of vectors under linear maps.

Lemma 14. For any two vectors 1, Us and any linear map A : R? — R? the following
inequality holds:

sin Z(Atiy, Atip) < ||A| - [|A7] - | sin Z(@, @s)]

Proof of Lemma 1/. Take two vectors §; and 5o such that 5, 1 (53 — 82) and 5|,
So||to. In this case |sin Z(uy, us)| = % Now we have

| A5y — A5 < | All|51 — 32|

sin Z(Aty, Aty) < - < —
(Ao, Ae) < =TT = 1A 5]

= Al - 1AM - [ sin £ (a1, )]

Lemma 14 is proved.
Lemma 15. For any vector i € R?, @ # 0, and any linear maps A, B : R? — R? the
following inequality holds:

sin Z(Au, Bu) < ||A|| - ||A — B|.

Proof of Lemma 15.
|Au — Bul < |A - B|

sin Z(Au, Bu) < — <
|Aul | Al

= Al - |A = Bl
Lemma 15 is proved.

Proof of Lemma 13. We will prove the first part of the statement. The proof of the
second part is completely the same.

Take a vector v = (vy,v2) € K"(x,y), (z,y) € Sh.
Consider the following points:
P =pHz,y) €S, P,=L"(P)eR Py=V,"0C"(P)ell,,n,

Py = H"W(P) €,y m, Ps=ChoWU,(P)€R, Ps=L"(Ps)cT(S))CS,

and denote by (x;,y;) the coordinates of the point P;, i = 1,...,6. We will follow the
image of the vector along this sequence of points and estimate the angle between that
image and coordinate axes and the size of the image.

Step 1. The vector oY) = Dp~(v) € Tp U has coordinates (lvy,lvy) and o) €
K*(Py). Notice that |01 | = |o].

Step 2. By Lemma 11 the vector ©? = DN}(vV)) has coordinates
(A" Lor+O(y/p(h) R+ og (u(h) A" ) )0}, A s +O((u(h)h' )2 [log (u(h)h ) )1 [3]).



20

Since |v1| > 0.01C; *h™ "]y, we have |vi| < || < |v1| + |va] < (14 100CSR*Y) vy ],
and hence

1 I 0] 1
—IX"o| < < =AM|vg| < [0P] < 27 pW)] = 24"
7 2(1 + 100CSH ) ~ 2 o] < [0 < 22" [
The angle between ©® and the vector & = (1,0) (we will assume that this angle

(2)
is acute, otherwise consider the vector (—1,0) instead) is not greater than :U%2)| <
v

P
AN < A00CSH N2 ()R = (400CGA?) p(h) W2+,

Step 3. Set 9® = Dp, (¥, " o C; )o@, Then C;'o?| < [0®)] < Cylo?)]. Let us
estimate the angle between v and the vector & = (1,0). Let P* be a projection of
the point P, to the line {y = 0}. Then dist(Pg,P*) <IN = A0, Since the
image of the line {y = 0} under the map ¥; ' o C'_ is a line { £ = 0}, the image of the
vector €, = (1,0) under the differential D( Lo C’ 1) has the form (s,0) = sé;. Now
we have

YACIS él) = £(v¥,s6,) = £ (Dp,(V;," 0 C; N0, Dpe (U, 0 Oy Mey) <
< Z(Dpy (W5 0 G )o@, D, (0" 0 G )er) +£ (D, (95 © Gy )er, D= (85" 0 Cy )
Now let us estimate each of the summands. Since all the angles that we consider are

small, we can always assume that o < 2sina < 2« for all angles o that we consider.
Due to Lemma 14 we have

(22) £ (Dp, (¥, 0 C 10, Dp, (0, 0 O Mey) <
< 2sin/ (Dp2( o Ho® D, (U o C, Her) <
< 2C3|sin Z(0?), &,)| < 2C2 - (400CEN?) p(h) > = 800CEN2 p(h)h* %
Due to Lemma 15 we have
(23) £ (Dp,(¥;" 0 G, h)er, Dp-(9;, 0 ) M )er) <
< 2sinZ (Dp, (¥}, o C; Ner, Dp« (U}, 0 C; !
< 20y - Cy dist(Py, P*) < 4C3N"2"

o\“ rbl

S C )\21 (h)h1+u
Finally (if h is small enough and X = e" is close to 1) we have

(24)  Z(@®, &) < 800CEN>u(h)h*+2 4 AC2 N> p(h)RMY < 5C2u(h)h'

Step 4. Since H(t, E) = (t+h, E), the estimates for 9* work for oY = DH*" (5(3))
also.

Step 5. Consider v = Dp,(Cp o ¥p)v 1) e Tp,U. Notice that

1
(25) 150 > C;toW| > 7% e?)| > i Cy2IN"|o]  and
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(26) 150 < Colo™W| < C25?)| < 2C2IN"5).

Now let us estimate the angle between 7® and the ax Oy. Let P# be a projection of
the point Ps on the line {z = 0}. Take the vector és = (0,1) € TpxU and consider
the image Dps(V; ' o C; Me, € Ty-1oc-1 (p#yllng,m- The vector Dps (¥, o CrHey is
tangent to the graph of the function ©(t), and due to (9)

1

—p(h) < Z(Dps (¥, o Cr1)eg, &) < 2u(h).

(27) 5

From (24) we have

%M(h) < Z(Dp#(9; o Cy 1), 0W) < 5u(h).

Notice that dist(¥,' o C; '(P¥), Py) < 20 A2 10 < 4C,u(h)h . This implies (in
the way similar to Step 3) that for small enough h

(28) (0%, &y) < 5C2u(h) 4 Cy - Cy - 4Cou(R)W " < 6C2u(h),
1 1
(29) L0, &) > 5u(h)0 — 4CGu(h)h " > ¢ 2p(h).

Step 6. Set 9(® = DN'o®) € TpU. Let us estimate || first. If 5© = (1{¥ o)
then by Lemma 11

- (A” 0 (VWA og(u(mh**)]) ) o +0 ((u(h) )3 log(u()h**)] ) o7 and
= O (VT tog(pu(mh+*)]) o+ (X" + O ((u(m)h"+*)? [og(u(m)n* )] ) ) of”.

From (29) we have

1 Lo aom _
1500 W) [p®] > L CotiXolu(h)  and |oy”] < [0

(30)  |ui?| >
Therefore
1

96

Now let us show that 9% € K"(Ps). Indeed, if h is small enough (and A = e” is close
©)

to 1) then H > LGN 2R > 0.001C; *h 1. Therefore 7©) € K*(Fs), and

Dp(t®) = DT(v) € K*(p(Ps)). Also if @ = (wy, w;) = DT(7) then

1
1] 2 SN0 2 g Co A p(h)fal, - [u”| < 247" |0)| < 4C3o).

1
fun| = 1ol > A0 AT o] > 0.01C5 R |



22

At the same time we have

(31) |DT (@) =19 <17 (jol”] + [os?]) < 171X + 4C2|o]) <
< 171 2AMT9) [ sin £(59), &5) + 4C21|T]) < I7H2A™ - 2C2IN"|T| - 6C2 (k) + 4C21|T]) <
< 240302 u(h)|o] + 4C3| 0| < 25Cah™ " |0].

Lemma 13 is proved.

0.15. Markov partition and its thickness.

Standard arguments of the hyperbolic theory (see, for example, [IL]) show that the
Cone condition (Lemmas 12 and 13) together with the geometry of the map 7 imply
the existence of the hyperbolic fixed point Q of the map 7T in S, ﬂf(gl). Our choice of
the homoclinic points ¢;' and ¢j implies that the eigenvalues of Q are posilive. Denote
the heteroclinic point where W2 (Q) intersects W*(O) = {(0,z)|x € R} by (x,0),
and the heteroclinic point where W} (Q) intersects W*(O) = {(y,0)|y € R} by (0, y,,).

Denote the segments of stable and unstable manifolds that connect the fixed points
O and Q with these heteroclinic points by

7*(0) — connects O and (z5,0), ~*(O) — connects O and (0, y,);
7*(Q) — connects Q and (0,v,), 7°(Q) — connects Q and (s, 0).
Notice that v*(Q) C Sy and 7v*(Q) C T(S)).

Let S be the square formed by v*(0O), v°(0), v(Q) and v*(Q), S C S.

Now define Sy = p(p™(S) N Ny o p~'(S)) € Sy and S; = p(S; N p~X(S)) C S,
see Fig 7. Notice that one of the vertical edges of S; is v*(Q) and another is an
intersection of S and a vertical edge of Sy, and therefore it intersects W*(O) at the
point p(N,"(1,0)) = p(A™") = A"10 - A" = \~10. Similarly, T(S;) has a vertical

edge [\"10,4,] € Oy.

Define now T = T|s. The maximal invariant set of T in S, A = NuezT"(S),
is a "horse-shoe”-type basic set with Markov partition P = {Sp,S1}. The map T :
SoUS; — S belongs to class F (see definition 5).

Consider now the Markov partitions

P ={0 A "2, A0,z and P ={[0, A7 ], [0, 9]}
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of the Cantor sets K* C Oz and K" C Oy associated with the hyperbolic set A. We
have

Al Ty — A0
P = —57 P = 5—’
TL( ) /\_% — )\_lxs TR( ) )\_% _ )\_11;5
)\71 u u )\_L
Py =2V puy= ST
A -y, A A1y,
Lemma 16. The following estimates hold for all h € (0, hg) if ho is small enough:

1 10
5h—l <7 (PF) < 3h—l, 0.01C; *h” < 7R(P*%) < 900Csh”,

1 10
éh—l <7 (PY) < Eh‘l, 0.01C; *h” < 7R(P¥) < 900C;h" .

Proof of Lemma 16. We will prove only estimates for the partition P* (for P

everything is the same). Notice first that A"1 — A=z, < z,(1 — A~!). Therefore
Al Al At 1 1 1
Ao — Nl  we—Alz, 1-A1 0 A—-1 eh—172

since e — 1 < 2h for small h.

TL(PS) = hil,

On the other hand, since 4, < 1

—1 -1
TL(PS) = 1)\ o < 1/\ - 1 ! — 79 ! < Eh_l
AT — A lry T NI - A A -1 ewh—17 9

Now let us estimate 7z(P*). Denote by I the segment of W}, (O) between the points
(A"10,0) and (z,,0) (i.e. the bottom horizontal edge of Sy), length(I) = x, — A~ 1.
Due to Lemma 13

0.01Cy *h™"¥length(I) < length(T(I)) < 25C;h~"""length(I).
Since £ < length(T(I)) < 2 (this follows from the Cone condition again), we have
1

%Cg‘*h”” < length(I) < 200C; R

Hence Loy Loty
50 0 50 0
zg(l=A"1) = 1—eh
since 1 —e " < h for h > 0, and

200C R < 270C R B 270C R
A0 — AT T A — 1 et — 1

Tr(P®) > > 0.01C;*R”

Tr(P?) < < 900C;h".

Lemma 16 is proved.
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Lemma 17. If hg > 0 is small enough then for all h € (0, hg) we have

Proof of Lemma 17. We will prove the first inequality only, since the proof of the
second one is completely similar.

Notice that the vertical boundaries of Sy and S; are tangent to the cone field {K"}.
Consider the left vertical edge of S; and the right vertical edge of Sy. Their lowest
points are ()\_%, 0) and (A~'w,,0), and the distance between them is equal to

A6 — A7l > AT - AL = AT AT — 1) = e (et — 1) > e %h > %h
if h € (0,hg) and hg is small enough. From the cone condition we have that the
difference between x-coordinates of any two points on those edges is greater than

9 9 40000 9
—h—2-1000Ch'™" > —h (1 — ——CCh" ) > —h > 0.1h
20 o =90 ( g o ) ="

if h is small enough.

Lemma 17 is proved.

0.16. Estimates of derivatives: verification of the conditions of Distortion
Theorem.

We proved that the map T : SgUS; — S has an invariant locally maximal hyperbolic
set A which is a two-component Smale horseshoe (i.e. T belongs to the class F) and
obtained estimates of the lateral thicknesses of the corresponding Markov partitions.
In order to get estimates of the lateral thicknesses of the related Cantor sets we need
to estimate the distortion of the corresponding mappings.

Denote the differential of the map T : SgUS; — S by DT = a4 Z , where a, b, ¢
and d are smooth functions over Sop U S;. Then the differential of the inverse map
T~ : T(So) UT(S;) — S has the form DT! = (_dé :ib), where @ = a o T,

b=boT !, ¢=coT ' and d=doT ! Notice that this notation agrees with the
notation of Definition 6.

Lemma 18. Consider the restriction of the map T to the rectangle S,. There exists
a constant Cy > 1 (independent of h) such that

(1) |d| < A7*"Cy, [b], |e] < Ch,
(2) CrMRTI7" < o] < G,
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Jdc

9y

3c|
ox |’

(3) 151 |5

(4) }%} < A0y,

od —4
(9_y‘ S A nCly

(5) 5] < G,

(6) |1, o

dy

b

Oy

oc
' 1 oz | 0

da
3 %’ S Cl)

(7) g_i S AiQnCI) ‘g_g‘ S )\7477,017

(8) g—z §C’1h_2_”.

Proof of Lemma 18. We denoted

ag b _ _

therefore

DT|s,(x,y) = a(z,y) blz,y)\ )\Q”GO()\Tlox,/\_Q”J“%y) b()()\l%x?)\_%JrTloy)
o T\ (M A2 y) XA, A2 oy) )

The C3-norm of the map Cj, o W), o H"™ o W, 1 o ;' (as well as of its inverse) is
uniformly bounded by some constant independent of h. Now all the inequalities (1),
(3), (4) follow for C; large enough. Inequalities (2) follow from Lemma 13, we just
need to assume that C; > 100C;.

Now let us prove the inequality (5). Since a(z,y) = )\Q”ao()\%x, )\’2”+%y), we have
da
ox

In order to distinguish the points from R* and from R® let us denote the coordinates
in R* by (x,y) and the coordinates in R* by (X,Y). Then the map Cj, o ¥, o H*") o
\I/gl o Ch_l : R* — U can be represented as a composition

(x,¥) = (U(x,y), E(x,y)) = (X(t, E), Y (1, E)), (L, E) € Iy, g,

(2, y) = A0 a( Az, A2 0y) = A9, a0(AT0z, 0) + O(1).

where
(t(x,y), B(x,y) = H*®W o U, 1o O (x,y) and (X(t,E),Y(t,E)) = Cyo Ut E).

We have

0 da 0?
ap(x,y) = &X(t(x, y),E(x,y)) and 0Oiao = a_xo 8X2X(t(x y), E(x,y)).
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In particular, since F(x,0) =0,

(32) hao(x,0) %X(t(x, 0),0) % <8—X(t(x,0),0) - g—i(x, 0)) _

= PR 0.0 (e 0) +aste0)- (2x0) 2t

From the Cone condition (more precisely, from Steps 3-5 of the proof of Lemma 13)
we know that |ag(x,0)| < 7Ciu(h). Also since C*-norms of maps Cj, o ¥, and H*™ o
U, o C; ! are bounded by Cp, we have

0?°X
o2

lﬁao(x 0)| <

X (1x,0), o>\ O+ 7Cu(h) - C2

Now we need to estimate ’ S (t(x,0), O)‘ Notice that the image of the Oy ax under
the map C), o ¥}, is a graph of the function F = ©*(t), and therefore X(¢,0%(t)) = 0.
This implies that

d oxX, X, . -
SX(1,6°(1) =0 = SR (1, 07(1) + S (1, 0°(1) - (1)

and
d2
—(X(t, 0" (t)) =0 =
(33) 1(X(1,6°(1) = 0
82X 82X . 0*X . 0X

= (07 (1) 425 (1 ©7(1)07 (1) + 5 (1,07 (1) (6 (1) 5 (1, O ()" (1)

Since for ©*(t), ©*(t) and ©*(t) we have asymptotics (9) (see Proposition 9 and Remark
13), we get

a;;( (¢, 07(t ))‘ < 2Cq - 2u(h) + Co(2u(h))® + Co - dwh ™ p(h) < 20Coh™ pu(h)

if h is small enough.

At the same time by the mean value theorem we have

0?X 0*X 1
o, o>\ e >>] +Col6" (1] < 20Coh™ () + Co—hpu(h) < 10Coh™ ()

Finally we have

|01a0(x,0)| < 40Coh™ pu(h) - C2 + 7C5 (h) - C2 < 50C3h™ u(h)
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and (setting x = A\10x)

(34) Ja(w,y)] < N30 - 50C3R u(h) + O(1) <
< (u(h)) " *h™ A1 - 50C3h~ (k) + O(1) < CLh™2
for large C} (independent of h € (0, hg)).
Properties (6) — (8) are symmetric to the properties (3) — (5). Lemma 18 is proved.
Lemma 19. The variation of log|a(z,y)| in Sy is less than 600CZCEh” .

Proof of Lemma 19. Take two points (z1,y;) and (x9,ys) from S;. We want to
estimate |loga(xy,y1) — loga(za, y2)| by using the mean value theorem. Generally
speaking, the set S; is not convex, so we need some preparations to apply it.

Let 7 be the intersection 5 = T(S); N {z = $}. Then 4 = T~!(7) is a smooth curve
tangent to the cone field { K*}, 4 C S;. Denote 21 = {y = y1 }Ny and 25 = {y = y2}NA.
Notice that the whole interval with the end points (z1,y1) and (&1, y;) belongs to Sy,
as well as the interval with end points (x2,y2) and (22, y2). Now we have

(35) |loga(zi,y1) —loga(ws, yo)| <
< |loga(z1, y1)—loga(1, y1)|+|log a(z1, y1)—log a(Za, y2)|+]log a(Z2, y2) —log a(z2, yo)|
Due to the Cone condition the width of S; is not greater than 200C;h'*”. By the
mean value theorem we have
(36) [loga(z1,y1) — loga(i, y1)| <
1 da ,
< Tt et

Similarly

|2y — &1 < CLAM - CLR™277 - 20003 hM T = 200C2CHh”

|log a(ia, y2) — log a(wa, y)| < 200CFCyh”

Now parameterize the curve 4 by the parameter y, ¥ = Y(z(y),y),y € [y1,y2] (or
y € [y2, 1] if y2 < y1). Consider a function g(y) = log a(y(z(y),y). Since 7 is tangent
to the cone field {K*}, for some y* € [y1, y2] we have

(37)
1

l9(y1) — g(w2)| = 19" ()| - [y — 3] = PEERalh

da ., Oa

- TEA s — el <
axvm |y1 y2| =

dy Ty

da da
< C hl—i—y il NP -

|%|) < C1AMY(CLR™277 - 100C5AM Y + Oy) <

< C1h”(100C,C + C1h) < 200C2CSR”
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Finally we have

|log a(x1,y1) — log a(zs, y2)| < 400CFCyh” + 2000 CEhY < 600CTCSh”
Lemma 19 is proved.

The following Proposition directly follows from Lemmas 12, 13, 17, 18 and 19.
Proposition 20. The map T : S; USy — S belongs to the class F(C*,v,¢) (see
definition 6), where C* = 120C{C§, v = 1200C;CERY and e = 120C3CEh .

0.17. Proof of the first of the Main Theorems.

Properties 1. and 2. of Theorem 1 clearly follow from the construction and the
Cone condition. Let us combine now Proposition 20 with Duarte Distortion Theorem
(Theorem 3) and Lemma 16. Let us assume that h is small enough so that e?(¢" =) < 2.
Then we have

20
—h <1 (K% < =h7Y, —C7thY < mp(K®) <1 AhY,
; (K*) < 5 2000 Tr(K*®) < 1800C
Ly L< (K < < 2 —C 4hY < TR(K™) < 1800CHhY.
1 L 9" " 200 TR

Therefore

1
7L (K°)TR(K?®) > %C’ Y o0 as h— 0 (ie a— —1).

Similarly 7, (K*)7r(K") — 0o as a — —1, so Tpr(A) — 00 as a — —1.

To check the property 4., we apply Proposition 5 (notice that we are exactly in the
setting of Remark 6). We have

L (K*) gh!
log (1 + 1+LT (K )) S log (1 + 1+1§0004h»> B
T - 1+20h 1 o
log (1+ 1+ 6{1{))) log <1+ T 4hy>

200

(38) dimpK* >

log [h (h + m)} __1-0OQogh™) 1
log [h=177 (k¥ +200C3(2 + h))]  14+v—O0(logh™') = 1+2v

if h is small enough. Since v could be chosen arbitrary small, dimgK® — 1 as h — 0
(i.e. @ — —1). Similarly dimgK* — 1 as a — —1. Since dimyA = dimy K*+dimy K*
([MM], see also [PV]), we have

dimgA — 2 asa — —1.

Theorem 1 is proved.
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0.18. Sketch of the proof of the second of the Main Theorems.

Step 1. Choose a sequence of parameters {/i,, }, 1, — 0, such that f, hasa quadratic
homoclinic tangency and a transversal homoclinic points.

Step 2. Using the renormalization technics by Mora-Romero [MR1] and Theorem 1
one can show that near each u, there is an open interval U,, such that for pu € U, the
map f, has an invariant locally maximal transitive hyperbolic set A}, with persistent
homoclinic tangencies.

Step 3. The hyperbolic saddle P, and the set A} are homoclinically related, see
Lemma 2 from [Dul]. Therefore for every p € U, there exists a basic set A, such that
B, € A, and A}, C A,. Since A} has persistent homoclinic tangencies, so does A,,.
This proves the part (1).

Step 4. There is a dense subset D,, C U, such that for every u € D, there is
some homoclinic tangency for the fixed point P,. This is a consequence of a standard
arguments, see [PT]. The part (2) is proved.

Step 5. Consider local invariant manifolds W*(P,) and W2(P,), and set

Wik) = fi(WX(B,)  and  Wi(k) = 7" (W2(P).
We have

Wu<Pu) = Ukzows(k) and WS(Pu) = UkZOW‘j(k‘)
Since we consider a generic unfolding {f,}, we can assume that for an open and dense
set O(k) C U, we have W (k) th Wi(k). From [MRI1] it follows that there exists an
open and dense subset V (k) C O(k) C U, such that for every u € V(k) and every
x € Wi(k) N W (k) there exists an elliptic periodic point p such that dist(p,r) < %
Therefore for every p from a residual set Ry = Ny>1V (k) the homoclinic class H(P,, f,,)
is accumulated by elliptic points, and this proves (3.1).

Step 6. From Theorem 1 and [MR1] it follows that for every m € N there exists
an open and dense subset A(m) C U, such that for every p € A(m) there exists a
hyperbolic set Af such that dimgA# > 2 — % From Lemma 2 from [Dul] it follows

that P, and Af are homoclinically related. Therefore there exists a basic set A,
such that P, € A, and Af C A,. In particular, for p € Ry = Ny>1A(m) we have
dimy H (P, f.) = 2. Set R = R1 NRq. This proves (3.2).
Step 7. The last property (3.3) follows from the following Lemma
Lemma 21. Let A C M? be a basic set of a surface diffeomorphism. Then
dimy{zr € A] O () is dense in A and O~ (z) is dense in A} = dimgA.

Theorem 2 is proved.
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